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Fig. 1 System model.

(¹l , ¾l / D (3, 0.15) m, respectively, and v D 20 m/s. From experi-
ence, the speci� ed range of ° should be chosenbetween10 and 15%
of the � rst natural frequency.

The differential equation of the vehicle system is

m1 Rx1 C .k1 C k2/x1 ¡ k2x2 D k1h sin pt

m2 Rx2 ¡ k2x1 C k2x2 D 0

The probability of the quasi-failure state of the whole system is

P f D 0:0

Thus, resonant vibration cannot occur in the system.
It is obviousthatvehiclerunson theroughroadavoidingvelocities

of 7.309 m/s or 63.694 m/s. Here the probabilityof the quasi-failure
state of whole system is

P f D 0:9774

Thus, resonant vibration can occur in the system.

Conclusions
Frequency analysis is important for reliability problems of dy-

namically uncertain structures.This Note presents a frequency reli-
ability analysis method. According to the criterion of the frequency
relation, the structural system with resonant failure is de� ned as a
series system. One of the reliability problems of random structural
systems is preferablysolved using frequencyanalysis and reliability
theory. Numerical results are presented.
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I. Introduction

F OR topology optimization of continuum structures, the most
common strategy is based on discretizing the allowable space

into � nite elements (FEs) and considering the material density or
amount of material within each element as design variables. When
the relevant optimizationproblem is solved, the optimum geometry
thus emerges from the resulting optimum distribution/arrangement
of material within the design space. The homogenization1 and ma-
terial density2 methods are the popular methods based on such a
strategy, and many static and dynamic topology/shape optimization
problems have been solved using them.3¡5 However, because this
strategy uses continuous design variables, the resulting elements
can be of intermediate densities (gray areas) spanning the range
from completely empty to completely � lled with material. Hence,
the � nal geometry has to be interpreted from these results, usually
by imposing some threshold density value, which may be arbitrary
and thus lead to uncertainties.Furthermore,with no controlsor con-
straints over the arrangement of material, the optimum result may
contain checkerboard patterns and � oating elements disconnected
from the main structural body.

To overcome these drawbacks, the recently developed morpho-
logical representationscheme6 is used to de� ne structuralgeometry
in this work, optimizing structures to achievemaximum natural fre-
quencywith a constrainton thevolumeof material.Becausechanges
in topologyare discrete changes, the problemis treated as a discrete
optimization using the simulated annealing (SA) algorithm inas-
much as the SA is readily adaptable to various classes of problems
and has the ability to escape from local optima with the possibility
of reaching the global optimum. The SA also does not enumerate
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too large a number of states during the optimizationprocess and so
is suitablefor treatinglarge system problems in a reasonableamount
of time. It has been successfully applied to many problems.7;8

II. Methodology
A. Morphological Representation Scheme

In the morphological scheme,6 the design problem is character-
ized by a set of input/output regions in the design domain, which is
discretized into � nite elements. Input regions typically are regions
of the structurewhere prescribedboundaryconditions,for example,
displacementor loading conditions, are applied. Output regions are
typically regions where the response of the structure is required or
where some function performed by the structure is realized. These
regions (prede�ned by the designer) must necessarilyexist because
any structure must have parts that interact with their surroundings
by way of support conditions, loading and/or some other functional
interactions.A representativeillustrationwith three input/output re-
gions in a plane rectangulardomain is shown in Fig. 1a. The design
domain is denotedby a design spacewithin which the structuremust
lie and cannot exceed, and it is discretized into a mesh of quadri-
lateral FEs (Fig. 1b) with the required loading/boundary conditions
de� ned on it.

For a valid structuraldesign,all input/output regionsmust be con-
nected to one another either directly or indirectly.Thus, the scheme
is based on specifying a few paths (each joining one region to an-
other) to form the structural topology. A parametric curve (such
as the Bezier curve, which is used in this work) is needed to form

a) Design space showing input/output regions

b) Input/output regions connected by skeleton de� ned by
Bezier curves

c) Flesh added to skeleton to form � nal structure

Fig. 1 De� nition of structural geometry by morphological scheme.

each path connecting any two input/output regions (Fig. 1b). Each
Bezier curve is de� ned by its start and end input/output points plus a
number of control points in between. The start points and endpoints
are the center of elements of the respective input/output regions.
The control points are also at the center of the respective elements
in which they are located. The set of elements through which each
Bezier curve passes form the skeleton elements connecting the two
regions (Fig. 1c). Some of the surroundingelements are then added
onto the skeleton to � ll up the structure to its � nal form. These el-
ements represent the � esh elements surrounding the skeleton. Each
Bezier curve is divided into a number of segments6 accordingto the
number of control points, and each segment has a corresponding
thickness value to de� ne the number of layers of � esh elements for
that segment.This is done by consideringeach skeletonelement and
adding an all-roundlayer of � esh elements to it, with the layer thick-
ness dependingon the corresponding thickness value. The union of
all skeleton,� esh, and input/output region elements together consti-
tutes the structure,whereas all other elements remain as void (empty
space).

The position of the input/output regions and control points is de-
noted by the column and row numbers of the element containing
it, whereas the thickness values are denoted by an integer. Thus,
the position of the control points and the thickness values together
make up the design variables in the optimizationproblem. When the
morphologicalscheme is used, the topologyand shapeof a structure
is determinedby the arrangementof the skeletonand � esh elements
and is an outcome of the interactionamong a few parametric curves
and their respective thickness values. The scheme will not gener-
ate any invalid designs such as those with checkerboard pattern
or disconnected � oating elements. Hence, the topology/shape opti-
mization problem is solved as a true discrete problem without the
need for much further interpretationof any resulting design.

B. Problem Statement and the Simulated Annealing Algorithm
The objective function of the topology optimization problem is

the � rst natural frequency f (x) of the structure, with one constraint
being that the area A(x) occupiedby the structure is not greater than
40% of the design space and where x denotes the vector of design
variables given by

x D
£
x1

1 ; y1
1 ; x1

2 ; y1
2 ; x1

3 ; y1
3 ; : : : ; x2

1 ; y2
1 ; x2

2 ; y2
2 ; x2

3 ; y2
3 ; : : : ;

t 1
1 ; t 1

2 ; t1
3 ; : : : ; t2

1 ; t 2
2 ; t 2

3 ; : : :
¤T

(1)

in which .x j
i ; y j

i / is the column and row number of the i th control
point of the j th Bezier curve, and t l

k is the thickness value for kth
section of the lth curve.

For the SA algorithmimplementedin this work, new designstates
are created by random variations of these design variables within
the neighborhood of any current design state. If the variation leads
to an improved objective function value, the new design state can
be accepted and become the current state. If the variation leads
to an inferior objective value, the new state may still be accepted
according to an acceptance probability P0 expressed as a function
of a decreasing control parameter T (temperature) as follows:

P0 D exp[. f new ¡ f current/=T ] (2)

where f new and f current are theobjectivefunctionsof new and current
design states, respectively, and T decreases according to a special
cooling schedule developed by Johnson et al.9

In this work, a special constraint handling technique also has
been developed based on the same annealing concepts applied to
acceptance probabilities for inferior objective value design states.
Here, an acceptance probability Pc for constraints is introduced10

as follows:

Pc D exp

µ
40% ¡ Rarea.x/

¸T 2

¶
(3)

where Rarea.x/ is the percentageof the design space occupiedby the
current structureand ¸ is a temperaturecoef� cient (for adjusting the
rate of decreaseof Pc as T decreases). The role of Pc is quite similar
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to that of P0 in that, in the early stages when T is high and Pc is
close to one, designs that violate the constraintcan also be accepted.
As T decreases, Pc decreases rapidly toward zero by which time
no infeasible designs can be accepted. This technique facilitates
exploration of the search space, even for complex constraints that
give rise to scattered feasible regions, enhancing the advantage of
the SA method in escaping from local optima.

III. Results and Discussion
Two two-dimensional plane cantilever beam dynamic topology

optimization examples have been solved, each with a 0.508£
0.254m designspace,a uniform thicknessof 0.0254m, and material
parametersof E D 2:1 £ 1011N/m2; º D 0:3, and ½ = 7800 kg/m3 . In
both examples, the design space is discretized into a 40 £ 20 mesh
of eight-node quadrilateral elements, with the left edge of the can-
tilever fully � xed and the right edge free. The ABAQUS FE software
is used to evaluate the dynamic responses of the structure. A single
point mass is attached at the top-right corner of the beam in the � rst
example, and there are two pointmasses in the second example, one
at the top-right and the other at the bottom-right corner. All point
masses are 174.8 kg each.

A. Dynamic Topology Optimization for Cantilever Beam
with One Point Mass

The design space and boundary conditions are shown in Fig. 2a.
Three input/output regions are used to characterize this problem

a) Design space with boundary conditions

b) Connectivity of Bezier curves

c) Optimum geometry of beam

d) Optimum beam using material density approach

Fig. 2 Cantilever beam problem with one point mass.

in the design domain. Three Bezier curves (each with � ve control
points) are used to de� ne the structural geometry, and a representa-
tive illustrationof theirconnectivityis as shown in Fig. 2b.When the
SA procedureis used, topologyoptimizationis performedwith a to-
tal of 48 designvariables,and the optimum beamgeometryobtained
is shown in Fig. 2c with a � rst natural frequency of 46.9 Hz and a
material usage of 39.9% of the design space. The same problem has
also been solved using the material density approach of Yang and
Chuang2 and YangandChahande5 with the optimum result shownin
Fig. 2d. This result achieved a higher frequencyof 51.5 Hz, but this
may be because four-node elements were used, and these elements
are stiffer than the eight-node elements used in the current method.

B. Dynamic Topology Optimization for Cantilever Beam
with Two Point Mass

The design space and boundary conditions are shown in Fig. 3a.
There are four input/output regions in the design domain. A repre-
sentative illustrationof the six Bezier curves (each with � ve control
points) used to form the structural geometry is shown in Fig. 3b.
The total number of design variables is 96, and the optimum beam
obtained (Fig. 3c) has a frequency of 36.4 Hz with material usage
at 40%. The same problem has again been solved using the mate-
rial density approach, with the optimum beam (Fig. 3d) attaining
a frequency of 44.0 Hz. On a more qualitative note, the resulting
shapes from the two different approaches are quite similar for this
problem, although they are quite different for the one point mass

a) Design space with boundary conditions

b) Connectivity of Bezier curves

c) Optimum geometry of beam

d) Optimum beam using material density approach

Fig. 3 Cantilever beam problem with two point mass.
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problem. In addition, the material density results exhibit checker-
board patterns (more severely in the one point mass problem), and
this poses a problem when the structural design has to be realized
and fabricated.

IV. Conclusions
Two-dimensionaldynamic topologyoptimizationproblems have

been solved to achieve maximum natural frequency of cantilever
beam structureswithin a speci� ed material usage. The morphologi-
cal geometry representationscheme used here will not generate un-
desirable checkerboard patterns or � oating/disconnectedelements,
ensuring that each design evaluated is a valid structure with little
need for further interpretation of the resulting optimum geometry.
The concept of acceptance probability for constraints was also in-
troduced as a special strategy for the SA procedure to handle con-
strained optimization problems.
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